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Propulsive efficiency of oscillating foils
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Abstract

The dynamics of the vortex structures generated by a foil in steady forward motion, plus a combination of harmonic
and pitching oscillations, is determined by means of the numerical solution of the vorticity equation. The force and th
acting on the foil are also computed. The investigation extends a previous study of the phenomenon (J. Fluid M
(2000) 323–341), where only heaving oscillations were considered. The pitching motion turns out to be the only m
produce thrust when the forward motion of the foil vanishes, i.e., for foils operating in the hovering mode. Moreover p
oscillations added to the heaving motion of the foil produce much larger values of the thrust and better efficiencies. Re
obtained for many combinations of the parameters characterizing the phenomenon and the investigation allows us t
the range of the parameters providing high propulsive efficiency. The numerical results agree well with previous expe
measurements and, in addition, allow access to the velocity and vorticity fields as functions of space and time, whic
allows us to identify the underlying thrust production mechanisms more easily.
 2003 Elsevier SAS. All rights reserved.

1. Introduction

Most fishes generate thrust by bending their bodies into a moving wave shape that travels in the direction oppos
overall forward motion of the fish (Lighthill [1]). This type of swimming is classified according to the amplitude of the o
envelope of the propulsive wave. The anguilliform mode is a purely undulatory mode of swimming in which most or al
body participates. The side-to-side amplitude of the wave is relatively large along the whole body, even though it may
increase toward the tail. In subcarangiform swimmers the side-to-side amplitude of the undulations is small anteri
expands significantly in the posterior half of the body. For carangiform swimming the body undulations are further con
the last part of the body and no complete wavelength is at any time apparent. The carangiform mode is by far the mos
swimming mode employed in the aquatic environment. Indeed, in this mode, less energy is lost in lateral vortex shed
thrust is often provided only by a rather stiff caudal fin. Therefore the carangiform mode of propulsion can be stu
focusing our attention on the tail. In the current study we model the tail as a rigid foil and approximate its motion by com
a steady forward motion with heaving and pitching oscillations. Thrust is produced through the formation of a jet which
appears downstream of the trailing edge, when the flow is averaged over one period of oscillation. The averaged j
is characterized by high momentum, is produced by the periodic shedding of large vortex structures by the tail [2–5
vortex structures, which are shed with alternating sign every half cycle, form a staggered array of vortices, which resem
Karman vortex street observed behind bluff bodies, the only difference being that the vortices rotate in the opposite
(i.e., reverse Karman vortex street). The flow field and the jet profile depend on the parameters of the problem and, in p
on the oscillation frequency and amplitude of the tail. Flapping foils have also been investigated as an alternative pr
device for marine vessels, offering a different paradigm of locomotion than that conventionally used in man-made v
Further investigations of oscillating foils have been made to study the locomotion of insects and birds (see the comp
reviews by Maxworthy [6], Ellington [7] and Spedding [8])

The hydrodynamics has been mainly investigated by experimental means because of the difficulties in quantifying
shedding induced by boundary layer separation at the foil surface and in predicting the highly nonlinear dynamics of
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vortex structures generated by the roll-up of the free shear layers. Some attempts exist to predict the flow generated by a foil
based on
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in steady forward motion and performing harmonic transverse and angular oscillations. These attempts are usually
the assumption of large (strictly infinite) values of the Reynolds number, such that viscous effects have negligible i
on the overall flow and are significant only during the separation process. Hence, the problem becomes one of a
flow. Moreover, the separation at sharp edges is approximated by a Kutta–Joukowski condition and the free shear
replaced by concentrated vortices [9] or by vortex panels [10–13]. A three-dimensional nonlinear inviscid numerical a
in conjunction with experimental data, has been recently used by Zhu et al. [14] to investigate the three-dimensional fe
the flow around fish-like bodies. The crux of these approaches lies in choosing the location of the vortex emission and i
the properties of the shed vortices to the boundary layer characteristics. Moreover, computational costs, which rapidl
the number of vortices increases, do not allow long simulations of the phenomenon. Finally, potential flow models
vortex shedding by sharp edges but cannot describe possible boundary layer separation from the smooth surface of t
the subsequent generation of a free shear layer which can give rise to a vortex structure. In particular, inviscid appro
unable to describe the leading edge vortices which are experimentally observed when the propulsive efficiency of t
maximum.

Investigations of the unsteady flow around airfoils based on the numerical solution of Navier–Stokes (Reynolds a
Navier–Stokes) and continuity equations have been made within the field of aeronautics and hence the investigated
the parameters is characterized by high Reynolds numbers and values of the Mach number close to one (Ekater
Platzer [15]). Moreover small oscillations are usually considered. In studying fish propulsion attention should be foc
moderate values of the Reynolds number and Mach numbers much smaller than one. Furthermore large oscillatio
be considered. Recently the flow generated by a foil in steady forward motion with transverse oscillations (no rotat
been investigated by Wang [16] by means of the numerical integration of the incompressible two-dimensional Navie
equation. The results obtained by the solution of the full problem demonstrate that optimal flapping frequencies do
are associated with leading edge separation. However, as pointed out by Wang [16] herself, a simple heaving oscilla
rise to low values of the thrust and the modeling of the actual motion of fish tails or insect/bird wings should includ
heaving and pitching motions. The major role played by the pitching oscillations in the production of thrust can be und
by considering the wings of an insect in hovering flight. In the absence of any forward motion of the wing heaving osc
alone cannot generate any thrust because of the symmetry of the problem. In this context pitching oscillations are re
produce thrust (see Section 3.2).

In the current study we determine the flow around a two-dimensional foil whose motion consists of a steady
component plus harmonic heaving and pitching oscillations. The governing momentum and continuity equations ar
numerically using a stream-function vorticity formulation. The approach considers a two-dimensional problem. Readers
with aerodynamic wing theory will recognize that such purely two-dimensional method of calculation overestimates ef
because it takes into account only the energy of cross-stream wake vorticity (at right angles to the direction of motion)
in reality trailing vorticity (parallel to the direction of motion) must also be present. However, a two-dimensional approa
provide useful information on the large scale vortical dynamics and on the forces acting on the foil [16].

The problem is formulated in the next section where a brief description of the numerical approach used to deter
solution is also given. The results are described in Section 3 where attention is focused on the propulsive efficien
oscillating foil and the dynamics of the shed vortex structures. The final section is devoted to some concluding remark

2. Formulation of the problem

A two-dimensional foil in steady forward motion with constant velocity−U0
∗ oscillates with a combination of harmon

heaving and pitching oscillations. Using a reference frame(x∗, y∗) moving with the same forward velocity, the motion of t
foil can be described by providing the vertical coordinateA∗(t∗) of the pointO around which the foil pitches and the ang
α(t∗) (positive in counterclockwise direction) which the foil chord forms with thex∗-axis (see Fig. 1). In the remainder of th
paper we will assume that

A∗(t∗)= Â∗ sin(σ ∗t∗), (1)

α(t∗)= ᾱ + α̂ sin(σ ∗t∗ + ϕ), (2)

whereÂ∗ and α̂ are the amplitudes of the heaving and pitching oscillations respectively,σ ∗ is the angular frequency of th
oscillations andϕ is the phase angle between the two motions. Moreover,ᾱ denotes the average value ofα as taken over one ful
period of oscillation. If the fluid is characterized by constant densityρ∗ and constant kinematic viscosityν∗ then the governing
equations of the fluid motion become the vorticity equation and the relationship between the vorticity, denotedω∗, and the
stream function, denotedψ∗, such that the horizontal and vertical velocity components, denotedu∗ andv∗ respectively, are
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Fig. 1. Reference frame(x∗, y∗) moving with the forward velocity−U0
∗ and reference frame(X∗, Y ∗) moving with the foil.

given byu∗ = ∂ψ∗/∂y∗, v∗ = −∂ψ∗/∂x∗. The problem is closed by boundary conditions that force the fluid to move
the foil at the foil surface and to be characterized by a velocity(U∗

0 ,0) far from the foil. The vorticity and velocity fields ar
numerically determined following a procedure which makes use of spectral methods and finite difference approxima
facilitate the numerical computations the problem is posed in a reference frame(X∗, Y ∗) that moves with the foil and to thi
end the new Cartesian coordinatesX∗ andY ∗ are introduced and defined as(

X∗, Y ∗)= x∗(cosα(t∗),−sinα(t∗)
)+ [

y∗ −A∗(t∗)
](

sinα(t∗),cosα(t∗)
)
. (3)

Then, by considering a Joukowski profile, the foil is mapped into a circle of radiusλ∗ + e∗ + s∗ using the transformation

(
X∗, Y ∗)= (ξ∗, η∗)+ λ∗2 (ξ∗ − e∗,−η∗)

(ξ∗ − e∗)2 + η∗2
+ (d∗ − e∗,0), (4)

where the lengthsλ∗, d∗, e∗ are related to the size of the foil, the position of the pointO about which the foil pitches and th
thickness of the foil respectively. Moreovers∗ is a small quantity introduced to round off the trailing edge of the foil. Fina
a polar coordinate system(r∗, θ) is introduced in the plane(ξ∗, η∗) in such a way that the curveθ = 0 gives rise to positive
values ofξ∗ and vanishing values ofη∗.

In the following dimensionless variables

t = t∗σ ∗, r = r∗
λ∗ , (ξ, η)= (ξ∗, η∗)

λ∗ , (X,Y )= (X∗, Y ∗)
λ∗ ,

ψ = ψ∗
Â∗σ ∗λ∗ , ω = ω∗λ∗

Â∗σ ∗ , A= A∗
λ∗

(5)

the governing equations become

∂ω

∂t
+ Â√

J

[
vr

∂ω

∂r
+ vθ

r

∂ω

∂θ

]
= Â

ReJ

[
∂2ω

∂r2
+ 1

r

∂ω

∂r
+ 1

r2
∂2ω

∂θ2

]
, (6)

∂2ψ

∂r2
+ 1

r

∂ψ

∂r
+ 1

r2
∂2ψ

∂θ2
= −Jω, (7)

where the radialvr and azimuthalvθ velocities are provided by

(vr , vθ ) = 1√
J

{(
1

r

∂ψ

∂θ
,−∂ψ

∂r

)
− 1

Â

[
dA

dt
sinα − dα

dt
Y

][
∂X

∂ξ
(cosθ,−sinθ)+ ∂X

∂η
(sinθ,cosθ)

]

− 1

Â

[
dA

dt
cosα + dα

dt
X

][
∂Y

∂ξ
(cosθ,−sinθ)+ ∂Y

∂η
(sinθ,cosθ)

]}
, (8)
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andJ is the Jacobian of the transformation (4)
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Moreover, the Reynolds number and the dimensionless oscillation amplitude of the foil are defined as

Re= Â∗σ ∗λ∗
ν∗ and Â= Â∗

λ∗ . (10)

The quantityÂ∗σ ∗ has been preferred toU∗
0 as velocity scale, because the valueU∗

0 of the forward speed of the foil can b
thought to depend on the propulsive efficiency of the foil itself. The form of the foil depends on the dimensionless par
e = e∗/λ∗, which control its thickness,s = s∗/λ∗, which controls the roundness of the trailing edge and also contributes
thickness of the foil, andd = d∗/λ∗, which controls the position of the pointO around which the foil pitches.

The boundary conditions force the velocity to vanish on the circle that describes the foil in the(ξ, η) plane and so,

vr = 0, vθ = 0 for r = 1+ e + s. (11a, b)

Moreover, far from the cylinder, i.e., for a large valueR of r , it should be verified that(
1

r

∂ψ

∂θ
,
∂ψ

∂r

)
−→U0 cosα

[
∂Y

∂ξ
(−sinθ,cosθ)+ ∂Y

∂η
(cosθ,sinθ)

]

−U0 sinα

[
∂X

∂ξ
(sinθ,−cosθ)− ∂X

∂η
(cosθ,−sinθ)

]
, (12a, b)

where the dimensionless velocityU0 = U∗
0 /(Â

∗σ ∗) is the inverse of the reduced frequency, often introduced in the stud
oscillating foils.

As previously pointed out, a numerical solution of (6)–(12) is sought. The adopted procedure assumes that (6) an
decoupled: each equation is solved once every time step as the solution is advanced in time. The vorticity transport
allows us to determineω at timetn+1 = (n+1)#t providedω is known at the previous time step. Eq. (6) is discretized in sp
using a grid characterized by constant steps in thez andθ directions, where the variablez is defined by

z= ln(r + b). (13)

In this way ther-coordinate is strained using a logarithmic transformation in order to resolve the large velocity gra
occurring near the foil surface. The constantb is a strained parameter which should be properly chosen. Forb = 0, the
transformation given by Eq. (13) defaults to the logarithmic straining used by Braza et al. [17] and Borthwick [18
value of b, which appears in Eq. (13), has been fixed in such a way that the dimensional grid size close to the

always smaller than 0.1min(
√

2ν∗/σ ∗,
√

4ν∗λ∗/U∗
0 ), where

√
2ν∗/σ ∗ and

√
4ν∗λ∗/U∗

0 are the approssimate thickness

the Stokes and Blasius boundary layer respectively. An alternate direction implicit (ADI) method, which decouples thz- and
θ -directions, is employed to advance in time. Central differencing is used for diffusive terms while upwind differen
introduced for the advective terms. The details of the approach, which are omitted here for the sake of space, can
in text books on numerical approaches (see Hirsh [19] for example). As argued by Leonard [20], numerical viscosity
important. Therefore, its possible effects have been investigated by successive grid refinements and the results de
the following are not affected by the number of grid points used to discretize (6). To solve the Poisson equation (7
allowsψ at time tn+1 to be determined onceω is known, bothψ and the functionJω are expanded as Fourier series in
θ -direction.

ψ(r, θ)=
N∑

n=−N
ψn(r)einθ , (14)

J (r, θ)ω(r, θ)=
N∑

n=−N
Fn(r)einθ . (15)

Substituting Eqs. (14) and (15) into Eq. (7), followed by the use of the relevant orthogonality relations, leads to
ordinary differential equations forψn, whereFn are determined by means of a forward FFT algorithm. After having introdu
transformation (13), these equations are then discretized using central differences and this leads to a tridiagonal syste
equations, which must be solved for theψn’s. This system can be solved efficiently using the double-sweep algorithm. Thψ

is determined using the inverse FFT algorithm.
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In the solution of the Poisson equation for the determination of the stream function boundary conditions given by Eqs. (11a)
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and (12b) are enforced. The vorticity values at the wall, required during the numerical integration of Eq. (6), are co
using the boundary condition (11b), according to the first-order scheme suggested by Thom [21] and discussed by Ro
Finally a vanishing value ofω is forced at the inflow boundary where the scalar productv · n between the fluid velocityv and
the unit vectorn, normal to the curver = R and pointing outward, is negative. On the other hand, at the outflow boun
wherev · n is positive, the vorticity is forced to have a vanishing normal derivative.

The dimensionless pressurep = p∗/(ρ∗(Â∗σ ∗)2) is not calculated explicitly in theψ–ω formulation. To obtain the
pressure, which is required to determine the force and the torque acting on the foil, momentum equations are use
the foil surface, the relative velocity vanishes and the components of the pressure gradient are provided by(

∂p

∂X
,
∂p

∂Y

)
= 1

Â2

[
d2α

dt2
(Y,−X)+

(
dα

dt

)2
(X,Y )+ d2A

dt2
(sinα,−cosα)

]
+ 1

Re

[
∂2

∂X2
+ ∂2

∂Y2

]
(U,V ), (16)

whereU , V are the dimensionless velocity components in the(X,Y ) plane. Then the pressure can be obtained by the nume
integration of

p(θ) = p0 +
θ∫

0

(
∂p

∂X

∂X

∂θ
+ ∂p

∂Y

∂Y

∂θ

)
dθ, (17)

wherep0 is the pressure forθ = 0. Finally, it turns out that

FX = F∗
X

ρ∗(Â∗σ ∗)2λ∗ =
2π∫
0

−p
∂Y

∂θ
+ 2

Re

[
∂Y

∂θ

∂U

∂X
− 1

2

∂X

∂θ

(
∂U

∂Y
+ ∂V

∂X

)]
dθ (18)

FY = F∗
Y

ρ∗(Â∗σ ∗)2λ∗ =
2π∫
0

p
∂X

∂θ
+ 2

Re

[
1

2

∂Y

∂θ

(
∂U

∂Y
+ ∂V

∂X

)
− ∂X

∂θ

∂V

∂Y

]
dθ (19)

MZ = M∗
Z

ρ∗(Â∗σ ∗)2λ∗2

=
2π∫
0

p

(
X
∂X

∂θ
+ Y

∂Y

∂θ

)
+ 2

Re

[
−X

∂X

∂θ

∂V

∂Y
+
(
X
∂Y

∂θ
+ Y

∂X

∂θ

)
1

2

(
∂U

∂Y
+ ∂V

∂X

)
− Y

∂Y

∂θ

∂U

∂X

]
dθ. (20)

The procedure to obtainFX , FY , MZ as function ofψ , ω and their derivatives with respect tor , θ is lengthy but
straightforward. Details are omitted for the sake of brevity.

3. Discussion of the results

All the results described in the following have been obtained fixing the dimensionless sizeR of the computational domai
equal to 35 and using 300 and 512 grid point in thez and θ directions respectively. Moreover the time step#t has been
fixed on the basis of numerical experiments to ensure the stability of the approach. Some of the runs have been
doubling the number of grid points and pratically coincident results have been obtained. All the numerical simulatio
with no vorticity and with the fluid and the foil set impulsively in motion with velocityU0 and according to Eqs. (1) and (
respectively.

3.1. Validation of the code

In order to check the implementation of the numerical procedure, the investigation of the impulsively started flow
a fixed airfoil has been carried out and the results have been compared with those described in Deng et al. [23],
Loc [24] and Guermond and Quartapelle [25], who solved the problem by means of a mixed finite element appr
obtaining the results, the velocity scalêA∗σ ∗ used in relations (5) has been replaced byU∗

0 and the time scale(σ ∗)−1 by

λ∗/U∗
0 . It follows that the problem is posed by Eqs. (6) and (7) withÂ = 1 andRereplaced byU∗

0λ
∗/ν∗. The new Reynolds

numberRE is defined byRE= U∗
0c

∗/ν∗, wherec∗ is the chord lenght. Fig. 2 shows the streamlines forRE= 1000 and the
angle of attack̄α equal to−34◦ , at t = 6.4 andt = 14.4. Moreover, the values ofe ands appearing in the transformation (4
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Fig. 2. Impulsively started flow around an airfoil similar to a NACA 0012 airfoil forᾱ = −34◦ andRE= 1000. Top row: streamlines att = 6.4;
bottom row: streamlines att = 14.4. Left column: Guermond and Quartapelle’s [25] results; right column: present results. In the figu
horizontal and vertical coordinates are scaled with the chord lenght.

have been fixed in such a way that the shape of foil differs from that used by Guermond and Quartapelle [25] by an
always smaller than 1%. Comparing the present results (right side of Fig. 2) with those of Guermond and Quartapelle
side of Fig. 2), a fair agreement is found, even though some differences in the details of the recirculating regions are
Also the computed pressure distributions qualitatively and quantitatively agrees with that shown in Fig. 5(a) of Guerm
Quartapelle’s paper [25].

A further successful comparison of the present results has been made with those of Wang [16], which used elliptic
Elliptic airfoils can be presently investigated settinge = 0 and choosing an appropriate value of the parameters. Fig. 3 shows
the contour plot of the vorticity att = 0.62, 1.86, 7.48 forRE= 1000 andᾱ = −40◦, along with the results of Wang [16
obtained for the same values of the parameters. The agreement is satisfactory. Indeed, the locations of the vortices
by the present code and shown in the right side of Fig. 3 are practically coincident with those computed by Wang [16]
of Fig. 3). For example, the coordinates(X,Y ) of the centre of the counter-clockwise vortex att = 7.48 are(2.95,1.78) when
computed by the present code while the coordinates computed by Wang [16] have been estimated to be(2.9,1.75). Moreover
the vorticity values agree well, if the different scaling used by Wang [16] is taken into account.

To further support the obtained results, the flow around an airfoil in steady forward motion and with a combina
harmonic heaving and pitching oscillations has been computed and the results have been compared with the flow visu
by Anderson et al. [26]. Fig. 4 shows the vorticity field for four different runs at a particular phase of the cycle. It is e
recognize the vortex structures generated by the roll-up of the free shear layers shed by the leading and trailing edges
and to identify the same vortices visualized by Anderson et al. [26]. The reader should note that to allow an easy co
between the experimental flow visualization by Anderson et al. [26] and the present numerical results, the mirror ima
latter is shown in Fig. 4. To allow a quantitative comparison, Table 1 shows the maximum value of the time averag
relative strength|(u−U0)/U0| of the jet created by the oscillating foil and the thrust coefficientCT defined in Anderson et al.’
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Fig. 3. Vorticity fields around an impulsively started ellipse with angle of attackᾱ = −40◦ andRE= 1000, att = 0.62, 1.86, 7.48. Left column
Wang’s [16] results; right column: present results. In the figure the horizontal and vertical coordinates are scaled with half the chord l
ts = t/4.13.

Table 1
Averaged maximum velocity defect in the wake of the foil and thrust coefficient measured by Anderson et al. [26] and computed by
the present code

St Â α̂ (◦) ϕ (◦)
∣∣ u−U

U

∣∣
max

∣∣ u−U
U

∣∣
max cT cT

(*) (**) (*) (**)

0.30 1.0 15 90 0.52 0.40 0.56 0.77
0.32 3.0 30 75 0.16 0.13 0.54 0.34
0.32 3.0 30 90 0.14 0.15 0.48 0.70
0.32 3.0 30 105 0.16 0.17 0.49 0.77

(*) Present results.
(**) Anderson et al.’s results.

paper [26] computed by means of the present code and estimated by Anderson et al. [26] on the basis of their visua
The differences in the value of|(u − U0)/U0| are less than 20% while those in the value ofcT are larger. The discrepanc
between the numerical and experimental values ofcT can be ascribed at the inaccurate procedure used by Anderson et a
to evaluateCT .

3.2. Hovering oscillating foils

Once the reliability and accuracy of the numerical procedure has been ascertained, the investigation of the flow a
oscillating foil has been carried out and the force acting on the foil has been determined.

First, the case of a hovering oscillating foil has been considered. The investigation of the flow generated by a fo
oscillates and pitches without any steady forward motion (U0 = 0) provides information on the flight of hovering insects a
allows us to enlighten the major role played by pitching oscillations in providing a positive thrust. To compare presen
with those of Wang [16],e has been set equal to zero in such a way that the foil profile turns out to be elliptic. Fig. 5 sho
vorticity fields fors = 0.291,d = 0.667,α = 0◦, Â = 1, α̂ = −15◦ , φ = 80◦ andRe= 260 at different phases of the cycle a
in Fig. 6 the thrustFx and they-componentFy of the force are plotted versus time. Similar results are shown in Figs. 7 a
but for α̂ = 0◦, i.e., for a foil which oscillates in the transverse direction but does not pitch. In the latter case, as sugge
the symmetry of the problem, the time averaged value of the thrust generated by the foil vanishes. Simultaneously a la
should be exerted on the foil to keep it in motion and the input power is dissipated by the vortices shed by the tips of
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Fig. 4. Vorticity fields when the foil is at its maximum heave position, forRE= 1100, (a)St = 0.3, α̂ = −15◦ , Â/4 = 0.25, ϕ = 90◦ ,
(b) St= 0.32, α̂ = −30◦ , Â/4 = 0.75, ϕ = 90◦ , (c) St= 0.32, α̂ = −30◦, Â/4 = 0.75, ϕ = 75◦ , (d) St= 0.32, α̂ = −30◦, Â/4 = 0.75,
ϕ = 105◦ . Left column: DPIV flow visualisation of Anderson et al. [26]; right column: present numerical results. In the figure the hor
and vertical coordinates are scaled with the chord length.

Similarly a significant input power is required to generate the motion of the foil which pitches and oscillates. However
case, thrust is generated. The thrust can be thought to balance the weight of an insect in hovering flight, if the foil is s
to mimic the motion of its wings. Looking at Figs. 6 and 8 it appears that the periodic motion of the foil generates an
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tigation
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Fig. 5. Vorticity distribution along the foil profile, fore = 0, s = 0.291,d = 0.667,Re= 260, ᾱ = 0◦ , Â = 1, ϕ = 80◦, U0 = 0, α̂ = −15◦, at
(a) t = 12.566, (b)t = 13.352, (c)t = 14.137, (d)t = 14.923.

Fig. 6. Forces development on the foil during two periods, fore = 0, s = 0.291, d = 0.667, Re= 260, ᾱ = 0◦, Â = 1, ϕ = 80◦ , U0 = 0,
α̂ = −15◦ .

flow. This finding is not surprising because of the highly nonlinear dynamics of the vortex structures shed by the foil wh
generate a chaotic flow as shown by the works of Blondeaux and Vittori [27] and Vittori and Blondeaux [28]. The inves
of the optimal motion of the wings of an insect in hovering flight is not performed during the present work which is focu
the propulsive efficiency of the motion of fish tails.
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e,
Fig. 7. Vorticity distribution along the foil profile, fore = 0, s = 0.291,Re= 260,ᾱ = 0◦ , Â = 1, ϕ = 80◦, U0 = 0, α̂ = 0◦ , at (a)t = 12.566,
(b) t = 13.352, (c)t = 14.137, (d)t = 14.923.

Fig. 8. Forces development on the foil during two periods, fore = 0, s = 0.291,Re= 260,ᾱ = 0◦ , Â= 1, ϕ = 80◦ , U0 = 0, α̂ = 0◦.

3.3. Propulsive efficiency of oscillating foils

As in Anderson et al. [26], we denote byF∗ the time average value ofF∗
x and withP ∗ the average input power per cycl

i.e.,
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F∗ = 1
T ∗∫
F∗(t∗)dt∗, (21)

addition

If

g

T ∗
0

x

P ∗ = − 1

T ∗

( T ∗∫
0

F∗
y (t

∗)dh∗
dt∗ dt∗ +

T ∗∫
0

M∗
z (t

∗) dα

dt∗ dt∗
)
, (22)

whereT ∗ is the period of oscillation. Moreover, we introduce the power coefficientcP and the thrust coefficientcT

cP = P ∗
(1/2)ρ∗4λ∗U∗3

0

, cT = − F∗
(1/2)ρ∗4λ∗U∗2

0

. (23)

Finally the propulsive efficiencyηP is computed as the ratio of the useful power over the input power, as

ηP = −F∗U∗
0

P ∗ (24)

so thatηP = cT /cP .
As it appears by the formulation of the problem, there are seven principal parameters which control the results in

to the shape of the foil, namely: (1) the dimensionless heave amplitudeÂ, (2) the average angle of attackᾱ, (3) the pitch
amplitude α̂, (4) the phase angleϕ between the heave and pitch oscillations, (5) the geometrical parameterd, (6) the
dimensionless velocity of the foilU0 = U∗

0 /(Â
∗σ ∗), (7) the Reynolds number. Quite often the dimensionless velocityU0

of the foil is replaced by the Strouhal numberStdefined as

St= 1

πU0
. (25)

A further parameter of importance for the performances of an oscillating foil is the maximum nominal angle of attack.γ (t)

denotes the instantaneous angle of attack, referenced at the pivot point, then, as in [26],

tan
[
γ (t)+ α(t)

]= 1

U0

dA(t)

dt
(26)

and the maximum value ofγ (t), which is presently determined numerically, is denoted asγmax.
A first set of numerical simulations as been carried out considering an airfoil characterized bye = 0.065, s = 0.0505 and

keeping fixed the distance of the pivot point from the leading edge (d = 0.667). Then, as in Anderson et al. [26],Â has been

Fig. 9. Thrust coefficientcT plotted versus the Strouhal number forRE= 1100,ᾱ = 0◦, Â = 3, ϕ = 90◦ and different values of the pitchin
amplitudeα̂.
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fixed equal to 3,̄α equal to zero andϕ = 90◦. Different values of the pitch amplitude have been considered (α̂ equal to−10◦ ,
◦ ◦ ◦ ◦ ∗ ∗ ∗ t

y

en

g

ck
−20 , −30 , −35 and−40 ) andRE=U0 4λ /ν has been kept fixed and equal to 1100. In Fig. 9 the thrust coefficiencT
is plotted versus the Strouhal number, while Fig. 10 shows the propulsive efficiencyηP . The curves of the propulsive efficienc
plotted versus the Strouhal numberStand for fixed values of̂α are characterized by a maximum for a valueStmax of St falling
between 0.25 and 0.4. The peak is present atSt= 0.25 for the smallest simulated value ofα̂ (α̂ = −10◦) and then it moves
to larger Strouhal numbers whenα̂ is increased. At small values ofα̂ the propulsive efficiency is poor, but it increases wh
α̂ is increased till a value of̂α equal to about−35◦ . Then, further increases ofα̂ lead to a small decrease ofηP . Hence, the
highest propulsive efficiency is found for angles ranging around−30◦ ÷ −40◦ and forSt ranging between 0.3 and 0.4, values

Fig. 10. EfficiencyηP plotted versus the Strouhal number, forRE= 1100, ᾱ = 0◦ , Â = 3, ϕ = 90◦ and different values of the pitchin
amplitudeα̂.

Fig. 11. EfficiencyηP plotted versus the Strouhal numbers, forRE= 1100,ᾱ = 0◦ , Â = 3, ϕ = 90◦ and different values of the angle of atta
γmax.
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Fig. 12. Vorticity fields forRE= 1100,ᾱ = 0◦, Â= 3, α̂ = −35◦ , ϕ = 90◦ , St= 0.35,ηP = 0.46,cT = 0.517, at (a)t = 12.566, (b)t = 13.352,
(c) t = 14.137, (d)t = 14.923.
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Fig. 13. Vorticity fields forRE = 1100, ᾱ = 0◦, Â = 3, α̂ = −30◦ , ϕ = 90◦ , St = 0.225, ηP = 0.064, cT = 0.02, at (a) t = 12.566,
(b) t = 13.352, (c)t = 14.137, (d)t = 14.923.
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Fig. 14. Vorticity fields forRE= 1100,ᾱ = 0◦, Â = 3, α̂ = −10◦, ϕ = 90◦, St= 0.5, ηP = 0.159,cT = 1.04, at (a)t = 12.566, (b)t = 13.352,
(c) t = 14.137, (d)t = 14.923.
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Fig. 15. Vorticity distribution along the foil profile, forRE= 1100,ᾱ = 0◦ , Â= 3, ϕ = 90◦, St= 0.35, α̂ = −35◦.

Fig. 16. Pressure distribution along the foil profile, forRE= 1100,ᾱ = 0◦, Â = 3, ϕ = 90◦, St= 0.35, α̂ = −35◦ .

similar to those characterizing the measurements of Anderson et al. [26]. As discussed by Triantafyllou et al. [29], an
of fish swimming [30,31,1] shows that carangiform swimmers move their tail in such a way that its Strouhal number is
0.3–0.4. Moreover, the curves ofηP versusStare characterized by a slow decrease ofηP when the Strouhal number is increas
beyond the valueStmax, whileηP quickly drops ifStbecomes smaller thanStmax. Since the thrust coefficientcT monotonically
increases withSt(see Fig. 9), the present results suggest that it is usually better to work at values ofStslightly larger thanStmax
even though a small decrease in the efficiency is present. Sometimes, results concerningcT andηP are presented by varyin
the value of the maximum angle of attackγmax. To allow an easy evaluation of the results shown in Figs. 9, 10 in terms o
maximum angle of attack, in Fig. 11 the propulsive efficiencyηP is plotted versusSt for the same parameters of Fig. 10 b
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Fig. 17. Forces development on the foil during one period, forRE= 1100,ᾱ = 0◦ , Â= 3, ϕ = 90◦, St= 0.35, α̂ = −35◦.

for constant values ofγmax, equal to 5◦, 10◦, 20◦ and 30◦ respectively. Differently from the experimental data by Anderso
al. [26], the maximum propulsive efficiency is achieved forγmax falling between 10◦ and 20◦.

One of the main advantages of numerically simulating the phenomenon with respect to an experimental investigat
access to the velocity and vorticity fields both in space and in time. This allows us to investigate in more detail the flo
to the foil and to gain a clear picture of the vortex structures which give rise to the maximum propulsive efficiency. Figs
show the vorticity dynamics generated by the oscillating foil at four phases during half the cycle for three different ca
with RE= 1100,ᾱ = 0◦, ϕ = 90◦. It is worth pointing out that the vorticity fields during the following half cycle are the mi
images of those shown in Figs. 12–14. In the first case (Fig. 12) we haveα̂ = −35◦ andSt= 0.35, the second one (Fig. 13
is characterized bŷα = −30◦ andSt= 0.225, the third one (Fig. 14) bŷα = −10◦ andSt= 0.5. The first case provides th
maximum value of the propulsive efficiency, as it can be seen from Fig. 10, while the second and third ones give ris
values ofηP . The analysis of flow visualizations clearly shows that the maximum efficiency is associated with a co
vorticity dynamics. At the beginning of the cycle a small positive (counterclockwise) vortex (vortex A) is present in the
of the foil, but close to it (see Fig. 12(a)), being generated by the roll up of the vorticity shed by the trailing edge which
downward. Then, this weak vortex is dissipated by viscous effects (see Fig. 12(b)–(d)). Att = 13.352, a weak flow separatio
close to the leading edge of the foil can be observed, which is associated with the generation of a weak back flow
lower surface of the foil. The flow separation becomes more evident later on (see Fig. 12(c)). Then the free shear laye
and gives rise to a new positive vortex structure (vortex B) which is then convected downstream. The time developme
vortex can be followed looking at Fig. 12(a) and considering the mirror image of vortex C with respect to a horizontal a
positive vortex, which is generated by flow separation at the leading edge, interacts with the negative (clockwise) vorti
by the trailing edge which moves upward. This interaction cuts the free shear layer feeding the main vortex which the
the foil. Then the counterclockwise vorticity shed by the foil gives rise to two new vortices of smaller strength (mirror im
vortices D and E). Hence three large vortex structures appear in the wake of the foil each half cycle.

Fig. 15, where the vorticity along the foil surface is plotted at the same phases as Fig. 12, shows that in the uppe
the foil negative vorticity is always present except close to the leading edge where, at the beginning of the cycle, large
values can be detected. Simultaneously, along the lower face, weak negative vorticity appears in two small regions, s
the presence of flow separation. The first one is close to the leading edge while the second one is close to the trailing
t = 13.352 the two regions merge and give rise to a significant back flow. Later on, the recirculating flow moves dow
and a coherent vortex structure is generated (see Fig. 12(c)). This strong vortex induces a secondary flow separa
the smooth surface of the foil and att = 14.923 only positive vorticity is present in the lower face of the foil. The press
distribution along the foil and the forces acting on the foil are shown in Figs. 16, 17. The force component in thex-direction is
negative during a large part of the cycle, pushing the foil in the forward direction. The component in they-direction opposes th
transverse oscillations of the foil except when the foil leaves its maximum positions. Similarly the torque opposes the
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Fig. 18. Averaged velocity field, forRE= 1100, ᾱ = 0◦, Â = 3, ϕ = 90◦ , St= 0.35, α̂ = −35◦, (a) horizontal componentu, (b) vertical
componentv.

oscillations, thus indicating that the propulsive thrust is obtained by a significant work performed on the foil. Howeve
case under examination, the efficiency is good as shown by the results of Fig. 10.

A poor efficiency characterizes the cases plotted in Figs. 13, 14. For the lowest value of the Strouhal number th
related to the forward velocity prevail on those induced by the transverse oscillations of the foil. Therefore the vortic
resembles that behind a foil in steady forward motion, even though the wake is characterized by a waviness induced b
oscillations (see Fig. 13). In particular no significant vortex structures can be detected, except for vorticity patches gen
the instability of the wake, triggered by foil movements. On the other hand, a large number of vortex structures can be
for the largest value of the Strouhal number (see Fig. 14). The vortices are generated both at the leading and trailing ed
foil which move with large velocities when compared withU∗

0 . From Fig. 14, it appears that in the wake of the foil a sequenc
vortex pairs is present, which are generated during the previous cycles. To understand the process of generation, it ne
follow the vorticity shed by the leading edge. The upward motion of the leading edge, which takes place at the beginni
cycle, gives rise to a strong positive vortex (vortex A) which then grows and moves along the foil inducing a strong se
separation. The free shear layer so generated rolls up and induces a new vortex of opposite circulation (vortex B) whic
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Fig. 19. EfficiencyηP plotted versus the phase angleϕ, for RE= 1100,ᾱ = 0◦, Â= 3, St= 0.35, α̂ = −35◦ .

Fig. 20. EfficiencyηP plotted versus the Strouhal number, forᾱ = 0◦, Â = 3, ϕ = 90◦ , St= 0.35, α̂ = −20◦ and different values of the
Reynolds numberRE.

with the previous one and gives rise to a vortex pair which then moves because of the self-induced velocity and the fre
velocity. The main vortex is stronger than the secondary one, so that the latter tends to rotate around the former whil
downstream. Because of the strong nonlinear interaction of the different vortices, the flow field is quite complex. At th
it is worth pointing out that both when the efficiency is high (Fig. 12) and for small values ofηP (Fig. 14) the vortex structure
shed by the leading edge of the foil are as strong as those originated by the vorticity shed by the trailing edge. Ther
obtained results suggest that an accurate description of the phenomenon can be gained only by means of an appro
describe flow separation at the two edges of the foil.

As pointed out in the introduction, the thrust acting on the oscillating foil is physically produced by a jet of fluid
leaves the foil and moves in the opposite direction. This jet clearly appears when the flow is averaged in time (see Fig. 1
the time averaged value of the velocity field induced by the oscillating foil is shown for the same values of the para
of Fig. 12). Taking into account that the dimensionless free stream velocityU0 = 1/(πSt) is about 0.91, large downstream
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Fig. 21. EfficiencyηP plotted versus the dimensionless heave amplitudeÂ, for RE= 1100,ᾱ = 0◦, ϕ = 80◦ , St= 0.30, α̂ = −30◦ .

velocities can be detected behind the average location of the foil and aty equal to about±3 which correspond to the maximu
and minimum heave positions, where the main vortex structures leave the foil. From Fig. 18(b), it also appears that
flux that leaves the foil as a jet is compensated by slow moving fluid which approaches the foil on the two sides with
velocities.

A further set of runs has been made to investigate the propulsive efficiency when the phase angleϕ between the heave an
pitch oscillations is varied. We remind to the reader that the results shown in Figs. 9, 10 have been obtained forϕ equal to 90◦. As
found experimentally by Anderson et al. [26], Fig. 19 shows that the maximum efficiency is obtained for values ofϕ around 80◦ .
However, the values ofηP which are found in the numerical simulations are smaller than those measured by Anderson et

The phenomenon has been also investigated varyingÂ and the best propulsive efficiency has been obtained for valuesÂ
similar to those used by Anderson et al. [26] even though the efficiency is smaller. Indeed, Fig. 21, whereηP is plotted versuŝA
for fixed values of the other parameters, shows that the maximum efficiency is obtained whenÂ is approximatively equal to 3
i.e., approximately three quarters of the chord length, and the maximum value ofηP is equal to about 0.45. The relatively sm
values ofηP can be ascribed to the small Reynolds number used in the numerical simulations and hence to the larg
effects which characterize the numerical results. Indeed, Fig. 20, where the propulsive efficiency is computed for differe
of the Reynolds number, while keeping all the other parameters fixed, shows that increasingRE the maximum ofηP increases.
These results suggest that at large Reynolds numbers, values ofηP closer to the experimental ones can be obtained. Howe
computatinal costs have not allowed the simulations for values ofREas large as the those characterizing Anderson et al.’s
experiments. Fig. 22 shows the vorticity field for values of the parameters providing a good efficiency, i.e.,RE= 1100,ᾱ = 0◦,
Â = 1, α̂ = −30◦ , ϕ = 80◦, St= 0.3. The results show that high efficiency is associated with the generation of a mode
strong leading edge vortex which subsiquently amalgamate with the trailing edge vorticity generating a large vortex
every half cycle. The amalgamation of the vorticity shed by the leading edge with that shed by the trailing edge tak
because the amplitude of the pitching and heaving oscillations and their phase shift are such that the advection of th
clockwise leading edge vorticity (vorticity patch A in Fig. 22(a)) along the lower foil surface (see Figs. 22(b)–(d)) br
close to the trailing edge when the edge is going to start its downward motion and hence to generate further counter-
vorticity (the reader can follow the subsequent development of the counter-clockwise vortex by considering the mirro
of Figs. 22(a)–(d), i.e., the time development of the mirror image of vortex B). The strong vortex structures generated b
every half cycle give rise to a reverse Karman street which resembles the wake behind bluff bodies but with vortices ro
an opposite direction. Therefore the fluid behind the body is not retarded but strongly accelerated, as it appears from

The results by Visbal and Shang [32] show that the flow field generated by a rapidly pitching foil is significantly depen
the position of the pitching axis. Similarly the visualizations by Ohmi et al. [33], who analysed the flow generated by a fo
motion impulsively and subject simultaneously to a constant translation and harmonic oscillations in pitch, show that th
of the position of the pitching axis are especially marked. This because the displacement of the pitching axis is acco
by variations of the rotation radius at the leading and trailing edges. Therefore it is likely that also the performances of
and heaving foils in steady forward motion are significantly affected by the position of the pitching axis. A final set of ru
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Fig. 22. Vorticity fields forRE = 1100, ᾱ = 0◦, Â = 1, α̂ = −30◦ , ϕ = 80◦ , St = 0.3, ηP = 0.2562, cT = 0.274, at (a)t = 12.566,
(b) t = 13.352, (c)t = 14.137, (d)t = 14.923.
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Fig. 23. Averaged velocity field, forRE= 1100, ᾱ = 0◦, Â = 1, ϕ = 80◦ , St= 0.3, α̂ = −30◦ , (a) horizontal componentu, (b) vertical
componentv.

been made varying the value ofd and the obtained values of the propulsive efficiencyηP are shown in Fig. 24. A maximum o
ηP is present ford equal to about 0.666 and this finding provides support to the choice of Anderson et al. [26], who fixe
pitching axis at a distance from the leading edge equal to one third of the chord length.

4. Concluding remarks

The unsteady flow around a two-dimensional airfoil in steady forward motion and oscillating with a combination of ha
heaving and pitching movements has been determinated by solving momentum equations in theψ–ω formulation using a
pseudo-spectral approach and finite-difference approximations. The investigation by Wang [16] has been extended
pitching oscillations to the foil motion. As pointed out by Wang [16] herself, the inclusion of the pitching motion is fundam
to understand the generation of large values of the thrust. Moreover, pitching oscillations are the only means to
thrust by foils which operate in hovering mode or start to move. The versatile tool which has been developed has
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Fig. 24. EfficiencyηP plotted versusd , for RE= 1100,ᾱ = 0◦ , Â= 1, ϕ = 80◦ , St= 0.30, α̂ = −15◦.

the achievements of results for a large set of values of the paramenters and the identification of those giving rise t
propulsive performances even though only moderate values of the Reynolds number have been considered. The
results show conditions for optimal production of thrust, similar to those selected by Anderson et al. [26] on the
experimental measurements, even though slight differences are present which can be ascribed to the different val
Reynolds number characterizing the numerical results and the experimental data.

Visualizations of the flow show that high efficiency accompanied by significant thrust is associated with the gen
of moderately strong leading edge vortices, which subsiquently amalgamate with the trailing edge vorticity leadin
formation of vortex structures which give rise to a reverse Karman street. The phase angle between the heave and pitc
and their amplitudes are of critical importance, because they determine the timing of the formation and shedding of th
edge vortex with respect to the shedding of vorticity of the same sign by the trailing edge. Moreover, high efficiency an
coefficients are found to be associated with the generation of a concentrated jet of fluid leaving the foil in the opposite
of its forward motion.

These findings are based on results obtained varying one parameter while keeping fixed the others. Hence for
conclusions a more exhaustive investigation of the phenomenon in the parameter space should be performed.

The present numerical approach can be easily extended to investigate aperiodic motions of the caudal fin of fishes p
fast starting and rapid maneuvering, in order to understand the optimal performances of fishes which are able to coor
transient motion of their body and tail minimazing the energy lost in the wake during starts and maneuvering [29]. A
manipulation of ambient vorticity by moving foils can be investigated to understand how swimming fishes use their ca
to extract energy from the vorticity generated by their body thus recovering some of the work previously done. The co
vortices has been shown to be possible by the experiments made by Gopalkrishnan et al. [34].
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